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2 AIRY AND RELATED FUNCTIONS

Notation

AI.1 Notation

x real variable,
z complex variable,
C complex plane (excluding infinity),
R real line (excluding infinity).

Unless otherwise noted, primes indicate a derivative
with respect to the argument.

Airy Functions The notation

AI.1.1 Ai(x), Bi(x),

is due to Jeffreys (1928). Later, the sign of x was
changed.

Another notation is that of Fock (1945):

AI.1.2 U(x) =
√
πBi(x), V (x) =

√
πAi(x).

Scorer Functions (See §AI.12) The notation

AI.1.3 Gi(x), Hi(x)

is due to Scorer (1950). Another notation is that of
Tumarkin (1959):

AI.1.4 e0(x) = πHi(−x), ẽ0(x) = −πGi(−x).

Mathematical Properties

AI.2 Differential equation

AI.2(i) Airy’s Equation

AI.2.1
d2w

dz2 = zw.

Standard solutions are
AI.2.2

w = Ai(z), Bi(z), Ai(ze−2πi/3), Ai(ze2πi/3).

All solutions are entire functions of z.

AI.2(ii) Initial Values

AI.2.3 Ai(0) =
1

32/3Γ( 2
3 )

= 0.35502 80539,

AI.2.4 Ai′(0) = − 1

31/3Γ( 1
3 )

= −0.25881 94038,

AI.2.5 Bi(0) =
1

31/6Γ( 2
3 )

= 0.61492 66276,

AI.2.6 Bi′(0) =
31/6

Γ( 1
3 )

= 0.44828 83574.

AI.2(iii) Numerically Satisfactory Pairs of
Solutions

Pairs Region

Ai(x) Bi(x) x ∈ R

Ai(z) Bi(z) | ph z| ≤ 1
3π

(and along x < 0)
Ai(z) Ai(ze−2πi/3) − 1

3π ≤ ph z ≤ π.

Ai(z) Ai(ze2πi/3) −π ≤ ph z ≤ 1
3π.

Ai(ze−2πi/3) Ai(ze2πi/3) | ph(−z)| ≤ 2
3π.

For graphical interpretations, see Figures AI.3.1–
AI.3.2 and Figures AI.3.3–AI.3.4, for the real and
complex cases, respectively. DLMF⇒

AI.2(iv) Wronskians

AI.2.7 W {Ai(z),Bi(z)} =
1

π
,

AI.2.8 W

{

Ai(z),Ai(ze∓2πi/3)
}

=
e±πi/6

2π
,

AI.2.9 W

{

Ai(ze−2πi/3),Ai(ze2πi/3)
}

=
1

2πi
.

AI.2(v) Connection Formulas

AI.2.10

Bi(z) = e−πi/6 Ai(ze−2πi/3) + eπi/6 Ai(ze2πi/3),

AI.2.11 Ai(ze∓2πi/3) = 1
2e

∓πi/3 (Ai(z) ± iBi(z)) ,

AI.2.12

Ai(z)+ e−2πi/3 Ai(ze−2πi/3)+ e2πi/3 Ai(ze2πi/3) = 0,

AI.2.13

Bi(z) + e−2πi/3 Bi(ze−2πi/3) + e2πi/3 Bi(ze2πi/3) = 0.

AI.2(vi) Riccati Form of Differential
Equation

AI.2.14
dW

dz
+W 2 = z.

This is satisfied by W = (1/w)dw/dz, where w is
any solution of (AI.2.1).
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AI.3 GRAPHS AND VISUALIZATIONS 3

AI.3 Graphs and Visualizations

AI.3(i) Real Variable
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Figure AI.3.1: Ai(x), Bi(x), M(x).
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Figure AI.3.2: Ai′(x), Bi′(x), N(x).

AI.3(ii) Complex Variable

Figure AI.3.3: |Ai(x+ iy)|.DLMF ⇐ Figure AI.3.4: |Bi(x + iy)|.DLMF ⇐
DLMF ⇐

AI.4 Maclaurin Series

For z ∈ C

AI.4.1

Ai(z) = Ai(0)
(

1 + 1
3!z

3 + 1·4
6! z

6 + 1·4·7
9! z

9 + · · ·
)

+ Ai′(0)
(

z + 2
4!z

4 + 2·5
7! z

7 + 2·5·8
10! z

10 + · · ·
)

,

AI.4.2

Ai′(z) = Ai′(0)
(

1 + 2
3!z

3 + 2·5
6! z

6 + 2·5·8
9! z

9 + · · ·
)

+ Ai(0)
(

1
2!z

2 + 1·4
5! z

5 + 1·4·7
8! z

8 + · · ·
)

,

AI.4.3

Bi(z) = Bi(0)(1 + 1
3!z

3 + 1·4
6! z

6 + 1·4·7
9! z

9 + · · ·)
+ Bi′(0)(z + 2

4!z
4 + 2·5

7! z
7 + 2·5·8

10! z
10 + · · ·),

AI.4.4

Bi′(z) = Bi′(0)(1 + 2
3!z

3 + 2·5
6! z

6 + 2·5·8
9! z

9 + · · ·)
+ Bi(0)( 1

2!z
2 + 1·4

5! z
5 + 1·4·7

8! z8 + · · ·).

AI.5 Integral Representations

AI.5(i) Real Variable

AI.5.1 Ai(x) =
1

π

∫ ∞

0

cos( 1
3 t

3 + xt) dt,

AI.5.2

Bi(x) =
1

π

∫ ∞

0

exp(− 1
3 t

3 + xt) dt

+
1

π

∫ ∞

0

sin( 1
3 t

3 + xt) dt.

AI.5(ii) Complex Variable

AI.5.3 Ai(z) =
1

2πi

∫ ∞eπi/3

∞e−πi/3

exp( 1
3 t

3 − zt) dt,

AI.5.4 Ai′(z) = − 1

2πi

∫ ∞eπi/3

∞e−πi/3

t exp( 1
3 t

3 − zt) dt,
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4 AIRY AND RELATED FUNCTIONS

AI.5.5

Bi(z) =
1

2π

∫ ∞eπi/3

−∞

exp( 1
3 t

3 − zt) dt

+
1

2π

∫ ∞e−πi/3

−∞

exp( 1
3 t

3 − zt) dt,

AI.5.6

Bi′(z) = − 1

2π

∫ ∞eπi/3

−∞

t exp( 1
3 t

3 − zt) dt

− 1

2π

∫ ∞e−πi/3

−∞

t exp( 1
3 t

3 − zt) dt.

See also (AI.10.17) and (AI.10.18).

AI.6 Relations to Other Functions

AI.6(i) Airy Functions as Bessel
Functions

AI.6.1 ζ = 2
3z

3/2.

AI.6.2

Ai(z) = π−1
√

z/3K±1/3(ζ)

= 1
3

√
z
(

I−1/3(ζ) − I1/3(ζ)
)

= 1
2

√

z/3e2πi/3H
(1)
1/3(ζe

πi/2)

= 1
2

√

z/3eπi/3H
(1)
−1/3(ζe

πi/2)

= 1
2

√

z/3e−2πi/3H
(2)
1/3(ζe

−πi/2)

= 1
2

√

z/3e−πi/3H
(2)
−1/3(ζe

−πi/2),

AI.6.3

Ai′(z) = −π−1(z/
√

3)K±2/3(ζ)

= (z/3)
(

I2/3(ζ) − I−2/3(ζ)
)

= 1
2 (z/

√
3)e−πi/6H

(1)
2/3(ζe

πi/2)

= 1
2 (z/

√
3)e−5πi/6H

(1)
−2/3(ζe

πi/2)

= 1
2 (z/

√
3)eπi/6H

(2)
2/3(ζe

−πi/2)

= 1
2 (z/

√
3)e5πi/6H

(2)
−2/3(ζe

−πi/2),

AI.6.4

Bi(z) =
√

z/3
(

I1/3(ζ) + I−1/3(ζ)
)

= 1
2

√

z/3
(

eπi/6H
(1)
1/3(ζe

−πi/2)

+ e−πi/6H
(2)
1/3(ζe

πi/2)
)

= 1
2

√

z/3
(

e−πi/6H
(1)
−1/3(ζe

−πi/2)

+ eπi/6 H
(2)
−1/3(ζe

πi/2)
)

,

AI.6.5

Bi′(z) = (z/
√

3)
(

I2/3(ζ) + I−2/3(ζ)
)

= 1
2 (z/

√
3)
(

eπi/3H
(1)
2/3(ζe

−πi/2)

+ e−πi/3H
(2)
2/3(ζe

πi/2)
)

= 1
2 (z/

√
3)
(

e−πi/3H
(1)
−2/3(ζe

−πi/2)

+ eπi/3 H
(2)
−2/3(ζe

πi/2)
)

,

AI.6.6

Ai(−z) = (
√
z/3)

(

J1/3(ζ) + J−1/3(ζ)
)

= 1
2

√

z/3
(

eπi/6H
(1)
1/3(ζ) + e−πi/6H

(2)
1/3(ζ)

)

= 1
2

√

z/3
(

e−πi/6H
(1)
−1/3(ζ)

+ eπi/6H
(2)
−1/3(ζ)

)

,

AI.6.7

Ai′(−z) = (z/3)
(

J2/3(ζ) − J−2/3(ζ)
)

= 1
2 (z/

√
3)
(

e−πi/6H
(1)
2/3(ζ)+eπi/6 H

(2)
2/3(ζ)

)

= 1
2 (z/

√
3)
(

e−5πi/6H
(1)
−2/3(ζ)

+ e5πi/6H
(2)
−2/3(ζ)

)

,

AI.6.8

Bi(−z) =
√

z/3
(

J−1/3(ζ) − J1/3(ζ)
)

= 1
2

√

z/3
(

e2πi/3H
(1)
1/3(ζ) + e−2πi/3H

(2)
1/3(ζ)

)

= 1
2

√

z/3
(

eπi/3 H
(1)
−1/3(ζ)

+ e−πi/3H
(2)
−1/3(ζ)

)

,

AI.6.9

Bi′(−z) = (z/
√

3)
(

J−2/3(ζ) + J2/3(ζ)
)

= 1
2 (z/

√
3)
(

eπi/3H
(1)
2/3(ζ)+ e−πi/3H

(2)
2/3(ζ)

)

= 1
2 (z/

√
3)
(

e−πi/3H
(1)
−2/3(ζ)

+ eπi/3H
(2)
−2/3(ζ)

)

.

AI.6(ii) Bessel Functions as Airy
Functions

AI.6.10 z = ( 3
2ζ)

2/3.

AI.6.11 J±1/3(ζ) = 1
2

√

3/z
(√

3Ai(−z) ∓ Bi(−z)
)

,

AI.6.12

J±2/3(ζ) = 1
2 (
√

3/z)
(

±
√

3Ai′(−z) + Bi′(−z)
)

,

AI.6.13 I±1/3(ζ) = 1
2

√

3/z
(

∓
√

3Ai(z) + Bi(z)
)

,

AI.6.14 I±2/3(ζ) = 1
2 (
√

3/z)
(

±
√

3Ai′(z) + Bi′(z)
)

,

AI.6.15 K±1/3(ζ) = π
√

3/zAi(z),

AI.6.16 K±2/3(ζ) = −π(
√

3/z) Ai′(z),

AI.6.17

H
(1)
1/3(ζ) = e−πi/3H

(1)
−1/3(ζ)

= e−πi/6
√

3/z (Ai(−z)− iBi(−z)) ,
AI.6.18

H
(1)
2/3(ζ) = e−2πi/3H

(1)
−2/3(ζ)

= eπi/6(
√

3/z)
(

Ai′(−z) − iBi′(−z)
)

,
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AI.7 ASYMPTOTIC EXPANSIONS 5

AI.6.19
H

(2)
1/3(ζ) = eπi/3H

(2)
−1/3(ζ)

= eπi/6
√

3/z (Ai(−z) + iBi(−z)) ,
AI.6.20

H
(2)
2/3(ζ) = e2πi/3 H

(2)
−2/3(ζ)

= e−πi/6(
√

3/z)
(

Ai′(−z) + iBi′(−z)
)

.

AI.6(iii) Airy Functions as Confluent
Hypergeometric Functions

AI.6.21 ζ = 2
3z

3/2.

AI.6.22
Ai(z) = 1

2π
−1/2z−1/4W0,1/3(2ζ)

= 3−1/6π−1/2ζ2/3e−ζ
U( 5

6 ,
5
3 , 2ζ),

AI.6.23
Ai′(z) = − 1

2π
−1/2z1/4W0,2/3(2ζ)

= −31/6π−1/2ζ4/3e−ζ
U( 7

6 ,
7
3 , 2ζ),

AI.6.24

Bi(z) =
1

21/3Γ( 2
3 )
z−1/4M0,−1/3(2ζ)

+
3

25/3Γ( 1
3 )
z−1/4M0,1/3(2ζ),

AI.6.25

Bi′(z) =
21/3

Γ( 1
3 )
z1/4M0,−2/3(2ζ)

+
3

210/3Γ( 2
3 )
z1/4M0,2/3(2ζ),

AI.6.26

Bi(z) =
1

31/6Γ( 2
3 )
e−ζ

1F1(
1
6 ; 1

3 ; 2ζ)

+
35/6

22/3Γ( 1
3 )
ζ2/3e−ζ

1F1(
5
6 ; 5

3 ; 2ζ),

AI.6.27

Bi′(z) =
31/6

Γ( 1
3 )
e−ζ

1F1(− 1
6 ;− 1

3 ; 2ζ)

+
37/6

27/3Γ( 2
3 )
ζ4/3e−ζ

1F1(
7
6 ; 7

3 ; ζ).

AI.7 Asymptotic Expansions

AI.7(i) Poincaré-Type Expansions

AI.7.1

ζ = 2
3z

3/2 , u0 = 1 , v0 = 1 ,

us =
(2s+ 1)(2s+ 3)(2s+ 5) · · · (6s− 1)

(216)ss!
,

vs = −6s+ 1

6s− 1
us .

AI.7.2 Ai(z) ∼ e−ζ

2
√
πz1/4

∞
∑

s=0

(−)s us

ζs
, | ph z| < π,

AI.7.3 Ai′(z) ∼ −z
1/4e−ζ

2
√
π

∞
∑

s=0

(−)s vs

ζs
, | ph z| < π,

AI.7.4

Ai(−z) ∼ 1√
πz1/4

(

cos(ζ − π
4 )

∞
∑

s=0

(−)s u2s

ζ2s

+ sin(ζ − π
4 )

∞
∑

s=0

(−)su2s+1

ζ2s+1

)

,

| ph z| < 2
3π,

AI.7.5

Ai′(−z) ∼ z1/4

√
π

(

sin(ζ − π
4 )

∞
∑

s=0

(−)s v2s

ζ2s

− cos(ζ − π
4 )

∞
∑

s=0

(−)s v2s+1

ζ2s+1

)

,

| ph z| < 2
3π,

AI.7.6 Bi(z) ∼ eζ

√
πz1/4

∞
∑

s=0

us

ζs
, | ph z| < 1

3π,

AI.7.7 Bi′(z) ∼ z1/4eζ

√
π

∞
∑

s=0

vs

ζs
, | ph z| < 1

3π,

AI.7.8

Bi(−z) ∼ 1√
πz1/4

(

−sin(ζ − π
4 )

∞
∑

s=0

(−)s u2s

ζ2s

+ cos(ζ − π
4 )

∞
∑

s=0

(−)su2s+1

ζ2s+1

)

,

| ph z| < 2
3π,

AI.7.9

Bi′(−z) ∼ z1/4

√
π

(

cos(ζ − π
4 )

∞
∑

s=0

(−)s v2s

ζ2s

+ sin(ζ − π
4 )

∞
∑

s=0

(−)s v2s+1

ζ2s+1

)

,

| ph z| < 2
3π,

AI.7.10

Bi(ze±πi/3) ∼
√

2

π

e±πi/6

z1/4

×
(

cos(ζ − π
4 ∓ i

2 ln 2)

∞
∑

s=0

(−)s u2s

ζ2s

+ sin(ζ − π
4 ∓ i

2 ln 2)
∞
∑

s=0

(−)su2s+1

ζ2s+1

)

,

| ph z| < 2
3π,

AI.7.11

Bi′(ze±πi/3) ∼
√

2

π
e∓πi/6z1/4

×
(

−sin(ζ − π
4 ∓ i

2 ln 2)

∞
∑

s=0

(−)s v2s

ζ2s

+ cos(ζ − π
4 ∓ i

2 ln 2)
∞
∑

s=0

(−)s v2s+1

ζ2s+1

)

,

| ph z| < 2
3π.
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6 AIRY AND RELATED FUNCTIONS

AI.7(ii) Error Bounds for Real
Arguments

In (AI.7.2) and (AI.7.3) the nth error term, that is,
the error on truncating the expansion at n terms,
is bounded in magnitude by the first neglected term
and has the same sign, provided that the following
term is of opposite sign, that is, if n ≥ 0 for (AI.7.2)
and n ≥ 1 for (AI.7.3). As special cases

AI.7.12

Ai(x) ≤ e−ζ

2
√
πx1/4

,

|Ai′(x)| ≤ x1/4e−ζ

2
√
π

(

1 +
7

72ζ

)

,

when 0 ≤ x ≤ ∞, where ζ = 2
3x

3/2.
In (AI.7.4), (AI.7.5), (AI.7.8), (AI.7.9) the nth

error term in each infinite series is bounded in mag-
nitude by the first neglected term and has the same
sign, provided that the following term in the series
is of opposite sign.

In (AI.7.6) and (AI.7.7) the nth error term is
bounded in magnitude by the first neglected term
multiplied by 2χ(n) exp (σπ/(72ζ)) where σ = 5 for
(AI.7.6) and σ = 7 for (AI.7.7), provided that n ≥ 1
in both cases. Here

AI.7.13 χ(n) = π1/2Γ( 1
2n+ 1)/Γ( 1

2n+ 1
2 ),

(see table AI.7.1).
As special cases

AI.7.14 Bi(x) ≤ eζ

√
πx1/4

(

1 +
5π

72ζ
exp

(

5π

72ζ

))

,

AI.7.15 Bi′(x) ≤ x1/4eζ

√
π

(

1 +
7π

72ζ
exp

(

7π

72ζ

))

,

when 0 ≤ x <∞, where ζ = 2
3x

3/2.

For large n, χ(n) ∼ ( 1
2πn)1/2.

AI.7(iii) Error Bounds for Complex
Arguments

In (AI.7.2) and (AI.7.3) the nth error term is
bounded in magnitude by the first neglected term
multiplied by

AI.7.16

2 exp

(

σ

36|ζ|

)

, 2χ(n) exp

(

σπ

72|ζ|

)

or
4χ(n)

| cos(ph ζ)|n exp

(

σπ

36|<ζ|

)

,

according as | ph z| ≤ 1
3π, 1

3π ≤ | ph z| ≤ 2
3π,

2
3π ≤ | ph z| ≤ π. Here σ = 5 for (AI.7.2) and σ = 7
for (AI.7.3).

Corresponding bounds for the errors in (AI.7.4)
to (AI.7.11) may be obtained by use of these results
and connection formulas
AI.7.17

Ai(−z) = eπi/3 Ai(zeπi/3) + e−πi/3 Ai(ze−πi/3),

AI.7.18

Ai′(−z) = e−πi/3 Ai′(zeπi/3) + eπi/3 Ai′(ze−πi/3),

AI.7.19

Bi(z) = e−πi/6 Ai(ze−2πi/3) + eπi/6 Ai(ze2πi/3),

AI.7.20

Bi′(z) = e−5πi/6 Ai′(ze−2πi/3) + e5πi/6 Ai′(ze2πi/3),

with z in (AI.7.19) replaced by −z in the case of
(AI.7.8), (AI.7.9), and by ze±πi/3 in the case of
(AI.7.10), (AI.7.11).

AI.7(iv) Exponentially-Improved
Expansions

In (AI.7.2) and (AI.7.3) let

AI.7.21 Ai(z) =
e−ζ

2
√
πz1/4

(

n−1
∑

s=0

(−)s us

ζs
+Rn(z)

)

,

AI.7.22 Ai′(z) = −z
1/4e−ζ

2
√
π

(

n−1
∑

s=0

(−)s vs

ζs
+ Sn(z)

)

,

with n = int[2|ζ|]. Then
AI.7.23

Rn(z) = (−)n
m−1
∑

s=0

(−)sus
Gn−s(2ζ)

ζs
+Rm,n(z),

AI.7.24

Sn(z) = (−)n−1
m−1
∑

s=0

(−)svs
Gn−s(2ζ)

ζs
+ Sm,n(z),

where

AI.7.25 Gp(z) =
ez

2π
Γ(p)Γ(1 − p, z).

(For the incomplete Gamma function see Chapter
IG.) And as z → ∞ with m fixed
AI.7.26

Rm,n(z), Sm,n(z) = O(e−2|ζ|ζ−m), | ph z| ≤ 2
3π.

For re-expansions of the remainder terms
in (AI.7.4)–(AI.7.11) use the above results and
(AI.7.17), (AI.7.19).

For higher re-expansions of the remainder terms
see Olde Daalhuis (1995), Olde Daalhuis (1996), and
Olde Daalhuis and Olver (1995).

AI.8 Modulus and Phase

AI.8(i) Definitions

In this section x is real and nonpositive.

AI.8.1 Ai(x) = M(x) sin θ(x),

AI.8.2 Bi(x) = M(x) cos θ(x),

AI.8.3 M(x) =

√

Ai2(x) + Bi2(x),

AI.8.4 θ(x) = arctan (Ai(x)/Bi(x)) ,

AI.8.5 Ai′(x) = N(x) sinφ(x),
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Table AI.7.1: Error bound factors for real arguments.
n 1 2 3 4 5 6 7 8 9 10

χ(n) 1.57 2.00 2.36 2.67 2.95 3.20 3.44 3.66 3.87 4.06
n 11 12 13 14 15 16 17 18 19 20

χ(n) 4.25 4.43 4.61 4.77 4.94 5.09 5.24 5.39 5.54 5.68

AI.8.6 Bi′(x) = N(x) cosφ(x),

AI.8.7 N(x) =

√

Ai′
2
(x) + Bi′

2
(x),

AI.8.8 φ(x) = arctan
(

Ai′(x)/Bi′(x)
)

.

See §AI.3(i) for graphs.
The branches of θ(x) and φ(x) are continuous

and fixed by θ(0) = −φ(0) = 1
6π. (These definitions

of θ(x) and φ(x) differ from Abramowitz and Ste-
gun (1964, Chapter 10), and agree more closely with
those used in Miller (1946) and Olver (1974, Chapter
11).)

AI.8(ii) Identities

Primes denote differentiations with respect to x,
which is again assumed to be real and nonpositive.

AI.8.9 MN sin(θ−φ) = π−1 (Wronskian),

AI.8.10

M2 θ′ = −π−1 , N2 φ′ = π−1x , N N ′ = xM M ′ ,

AI.8.11 N2 = M ′2 +M2 θ′
2

= M ′2 + π−2M−2,

AI.8.12 x2M2 = N ′2 +N2 φ′
2

= N ′2 + π−2x2N−2,

AI.8.13 tan(θ−φ) = 1/(πM M ′) = −M θ′ /M ′,

AI.8.14
M ′′ = xM +π−2M−3 ,

(M2)′′′ − 4x(M2)′ − 2M2 = 0

AI.8.15 θ′
2

+ 1
2 (θ′′′ / θ′) − 3

4 (θ′′ / θ′)2 = −x.
AI.8(iii) Monotonicity

As x increases from −∞ to 0 each of the functions

M(x), M ′(x), |x|−1/4 N(x), M(x)N (x), θ′(x), φ′(x)
is increasing, and each of the functions |x|1/4 M(x),

θ(x), φ(x) is decreasing.

AI.8(iv) Asymptotic Expansions

As x→ −∞
AI.8.16

M2(x) ∼ 1

π(−x)1/2

∞
∑

s=0

1 · 3 · 5 · · · (6s− 1)

s!(96)s

1

x3s
,

AI.8.17

N2(x) ∼ (−x)1/2

π

∞
∑

s=0

1 · 3 · 5 · · · (6s− 1)

s!(96)s

1 + 6s

1 − 6s

1

x3s
,

AI.8.18

θ(x) ∼
π

4
+ 2

3 (−x)3/2

(

1 + 5
32

1

x3
+ 1105

6144

1

x6

+ 82825
65536

1

x9
+ 12820 31525

587 20256

1

x12
+ · · ·

)

,

AI.8.19

φ(x) ∼ −π
4

+ 2
3 (−x)3/2

(

1 − 7
32

1

x3
− 1463

6144

1

x6

− 4 95271
3 27680

1

x9
− 2065 30429

83 88608

1

x12
− · · ·

)

.

For approximate values (25 significant figures) of the
coefficients of the powers x−15, x−18, . . . , x−54 in
(AI.8.18) and (AI.8.19) see Sherry (1959).

AI.9 Zeros

AI.9(i) Distribution and Notation

On R Ai(x), Ai′(x), Bi(x), Bi′(x) each have an infi-
nite number of zeros, all of which are negative. They
are denoted by as, a

′
s, bs, b

′
s, respectively, arranged

in ascending order of absolute value for s = 1, 2, . . . .
See §AI.3(i) for visualizations.

In C, Ai(z) and Ai′(z) have no other zeros. Bi(z)
and Bi′(z) each have an infinite number of zeros in
the sectors 1

3π < ph z < 1
2π and − 1

2π < ph z < − 1
3π.

They are denoted by βs, β
′
s, respectively, in the for-

mer sector, and by β̄s, β̄′
s, in the conjugate sector,

again arranged in ascending order of modulus for
s = 1, 2, . . . . See §AI.3(ii) for visualizations.

For the distribution in C of the zeros of Ai′(z)−
σAi(z), where σ is an arbitrary complex constant,
see Muravĕı (1976).

AI.9(ii) Relation to Modulus and Phase

AI.9.1 θ(as) = φ(a′s+1) = sπ,

AI.9.2 θ(bs) = φ(b′s) = (s− 1
2 )π.

AI.9.3 Ai′(as) =
(−1)s−1

πM(as)
,

AI.9.4 Bi′(bs) =
(−1)s−1

πM(bs)
,

AI.9.5 Ai(a′s) =
(−1)s−1

πN(a′s)
,

AI.9.6 Bi(b′s) =
(−1)s

πN(b′s)
.
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8 AIRY AND RELATED FUNCTIONS

AI.9(iii) Asymptotic Expansions

For large s

AI.9.7 as = −T
(

3
8π(4s− 1)

)

,

AI.9.8 Ai′(as) = (−)s−1V
(

3
8π(4s− 1)

)

,

AI.9.9 a′s = −U
(

3
8π(4s− 3)

)

,

AI.9.10 Ai(a′s) = (−)s−1W
(

3
8π(4s− 3)

)

,

AI.9.11 bs = −T
(

3
8π(4s− 3)

)

,

AI.9.12 Bi′(bs) = (−)s−1V
(

3
8π(4s− 3)

)

,

AI.9.13 b′s = −U
(

3
8π(4s− 1)

)

,

AI.9.14 Bi(b′s) = (−)sW
(

3
8π(4s− 1)

)

,

AI.9.15 βs = eπi/3T
(

3
8π(4s− 1) + 3

4 i ln 2
)

,

AI.9.16

Bi′(βs) = (−)s
√

2e−πi/6V
(

3
8π(4s− 1) + 3

4 i ln 2
)

,

AI.9.17 β′
s = eπi/3U

(

3
8π(4s− 3) + 3

4 i ln 2
)

,

AI.9.18

Bi(β′
s) = (−)s−1

√
2eπi/6W

(

3
8π(4s− 3) + 3

4 i ln 2
)

,

where
AI.9.19

T (t) ∼ t2/3
(

1 + 5
48 t

−2 − 5
36 t

−4 + 77125
82944 t

−6

− 1080 56875
69 67296 t−8 + 16 23755 96875

3344 30208 t−10 − · · ·
)

,

AI.9.20

U(t) ∼ t2/3
(

1 − 7
48 t

−2 + 35
288 t

−4 − 1 81223
2 07360 t

−6

+ 186 83371
12 44160 t

−8 − 9 11458 84361
1911 02976 t−10 + · · ·

)

,

AI.9.21

V (t) ∼ π−1/2t1/6
(

1 + 5
48 t

−2 − 1525
4608 t

−4 + 23 97875
6 63552 t

−6

− 7 48989 40625
8918 13888 t−8 + 14419 83037 34375

4 28070 66024 t−10

− · · ·
)

,

AI.9.22

W (t) ∼ π−1/2t−1/6
(

1 − 7
96 t

−2 + 1673
6144 t

−4

− 843 94709
265 42080 t

−6 + 78 02771 35421
1 01921 58720 t

−8

− 20444 90510 51945
6 52298 15808 t−10 + · · ·

)

.

Error Bounds In the asymptotic expansions for
as and bs, the nth error term is bounded in magni-
tude by the first neglected term, and has the same
sign, provided that n = 1, 2, 3, 4, 5. The 6th error
term has opposite sign to the 5th error term.

In the asymptotic expansions for a′s and b′s, the
first term provides a lower bound.

AI.9(iv) Tables

Tables AI.9.1–AI.9.4 show real and complex zeros of Ai, Ai′, Bi and Bi′.

Table AI.9.1: Zeros of Ai and Ai′

s as Ai′(as) a′s Ai(a′s)
1 -2.33810 74105 0.70121 08227 -1.01879 29716 0.53565 66560
2 -4.08794 94441 -0.80311 13697 -3.24819 75822 -0.41901 54780
3 -5.52055 98281 0.86520 40259 -4.82009 92112 0.38040 64686
4 -6.78670 80901 -0.91085 07370 -6.16330 73556 -0.35790 79437
5 -7.94413 35871 0.94733 57094 -7.37217 72550 0.34230 12444
6 -9.02265 08533 -0.97792 28086 -8.48848 67340 -0.33047 62291
7 -10.04017 43416 1.00437 01227 -9.53544 90524 0.32102 22882
8 -11.00852 43037 -1.02773 86888 -10.52766 03970 -0.31318 53910
9 -11.93601 55632 1.04872 06486 -11.47505 66335 0.30651 72939

10 -12.82877 67529 -1.06779 38592 -12.38478 83718 -0.30073 08293
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Table AI.9.2: Zeros of Bi and Bi′

s bs Bi′(bs) b′s Bi(b′s)
1 -1.17371 32227 0.60195 78880 -2.29443 96826 -0.45494 43836
2 -3.27109 33028 -0.76031 01415 -4.07315 50891 0.39652 28361
3 -4.83073 78417 0.83699 10126 -5.51239 57297 -0.36796 91615
4 -6.16985 21283 -0.88947 99014 -6.78129 44460 0.34949 91168
5 -7.37676 20794 0.92998 36386 -7.94017 86892 -0.33602 62401
6 -8.49194 88465 -0.96323 44302 -9.01958 33588 0.32550 97364
7 -9.53819 43793 0.99158 63705 -10.03769 63349 -0.31693 46537
8 -10.52991 35067 -1.01638 96592 -11.00646 26677 0.30972 59408
9 -11.47695 35513 1.03849 42860 -11.93426 16450 -0.30352 76648

10 -12.38641 71386 -1.05847 18444 -12.82725 83092 0.29810 49111

Table AI.9.3: Complex zeros of Bi
e−πi/3βs Bi′(βs)

s modulus phase modulus phase
1 2.35387 33809 0.09533 49591 0.99310 68457 2.64060 02521
2 4.09328 73094 0.04178 55604 1.13612 83345 -0.51328 28720
3 5.52350 35011 0.02668 05442 1.22374 37881 2.62462 83591
4 6.78865 95301 0.01958 69751 1.28822 92493 -0.51871 63829
5 7.94555 90160 0.01547 08228 1.33979 47726 2.62185 44560
6 9.02375 63663 0.01278 34808 1.38303 39005 -0.52040 69437
7 10.04106 73680 0.01089 12610 1.42042 53456 2.62071 41895
8 11.00926 72579 0.00948 68445 1.45346 64633 -0.52122 87219
9 11.93664 76131 0.00840 31785 1.48313 45656 2.62009 35195

10 12.82932 39388 0.00754 16607 1.51010 46383 -0.52171 41947

Table AI.9.4: Complex zeros of Bi′

e−πi/3β′
s Bi(β′

s)
s modulus phase modulus phase
1 1.12139 32942 0.33072 66208 0.75004 14897 0.46597 78930
2 3.25690 82266 0.05938 99367 0.59221 66315 -2.63235 40329
3 4.82400 26102 0.03278 56423 0.53787 06321 0.51549 32992
4 6.16568 66408 0.02266 24588 0.50611 02160 -2.62362 85920
5 7.37383 79870 0.01731 96481 0.48406 00643 0.51928 28169
6 8.48973 85596 0.01401 65283 0.46734 68449 -2.62149 05716
7 9.53644 07072 0.01177 19311 0.45398 23240 0.52066 02139
8 10.52847 37502 0.01014 71783 0.44290 25018 -2.62052 78353
9 11.47574 11237 0.00891 66153 0.43347 44668 0.52137 15495

10 12.38537 59341 0.00795 22843 0.42529 25837 -2.61998 05803

AI.10 Integrals

AI.10.1

∫ ∞

0

Ai(t) dt = 1
3 ,

∫ 0

−∞

Ai(t) dt = 2
3 ,

∫ 0

−∞

Bi(t) dt = 0 .

AI.10(i) Relations to Scorer Functions

AI.10.2
∫ ∞

z

Ai(t) dt = π
(

Ai(z) Gi′(z) − Ai′(z) Gi(z)
)

,

AI.10.3

∫ z

−∞

Ai(t) dt = π
(

Ai(z) Hi′(z) − Ai′(z) Hi(z)
)

,

AI.10.4

∫ z

−∞

Bi(t) dt =

∫ z

0

Bi(t) dt

= π
(

Bi′(z) Gi(z) − Bi(z) Gi′(z)
)

= π
(

Bi(z) Hi′(z) − Bi′(z) Hi(z)
)

.

For Gi and Hi see §AI.12.
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10 AIRY AND RELATED FUNCTIONS

AI.10(ii) Asymptotic Approximations

AI.10.5

∫ ∞

x

Ai(t) dt ∼ 1
2π

−1/2x−3/4 exp
(

− 2
3x

3/2
)

,

x→ ∞,

AI.10.6

∫ x

0

Bi(t) dt ∼ π−1/2x−3/4 exp
(

2
3x

3/2
)

,

x→ ∞,

AI.10.7
∫ x

−∞

Ai(t) dt = π−1/2(−x)−3/4 cos
(

2
3 (−x)3/2 + 1

4π
)

+O(|x|−9/4), x → −∞,

AI.10.8
∫ x

−∞

Bi(t) dt = π−1/2(−x)−3/4 sin
(

2
3 (−x)3/2 + 1

4π
)

+O(|x|−9/4), x → −∞.

In (AI.10.5)–(AI.10.8), for additional terms and
complex variables, substitute into (AI.10.2)–
(AI.10.4) by means of the asymptotic expansions
supplied in §AI.7 and AI.12.

AI.10(iii) Other Indefinite Integrals

Let w(z) be any solution of Airy’s equation (AI.2.1).
Then

AI.10.9

∫

zw(z) dz = w′(z),

AI.10.10

∫

z2w(z) dz = zw′(z) − w(z),

AI.10.11
∫

zn+3w(z) dz = zn+2w′(z) − (n+ 2)zn+1w(z)

+ (n+ 1)(n+ 2)

∫

znw(z) dz,

where n = 0, 1, 2, . . ..

AI.10(iv) Laplace Transforms

AI.10.12

∫ ∞

−∞

ept Ai(t) dt = ep3/3, <p > 0,

AI.10.13

∫ ∞

0

e−pt Ai(t) dt

= e−p3/3

(

1

3
− p 1F1(

1
3 ; 4

3 ; 1
3p

3)

34/3Γ( 4
3 )

+
p2

1F1(
2
3 ; 5

3 ; 1
3p

3)

35/3Γ( 5
3 )

)

,

p ∈ C,

AI.10.14

∫ ∞

0

e−pt Ai(−t) dt

=
1

3
ep3/3

(

Γ( 1
3 ,

1
3p

3)

Γ( 1
3 )

+
Γ( 2

3 ,
1
3p

3)

Γ( 2
3 )

)

,

<p > 0,

AI.10.15

∫ ∞

0

e−pt Bi(−t) dt

=
1√
3
ep3/3

(

Γ( 2
3 ,

1
3p

3)

Γ( 2
3 )

− Γ( 1
3 ,

1
3p

3)

Γ( 1
3 )

)

,

<p > 0.

For the confluent hypergeometric function pFq

and the incomplete Gamma function Γ see Chapters
CH and IG.

AI.10(v) Mellin Transform

AI.10.16

∫ ∞

0

tα−1 Ai(t) dt =
Γ(α)

3(α+2)/3Γ( 1
3α+ 2

3 )
,

<α > 0.

AI.10(vi) Stieltjes Transforms

AI.10.17

Ai(z) =
z5/4e−(2/3)z3/2

27/2π

×
∫ ∞

0

t−1/2e−(2/3)t3/2

Ai(t)

z3/2 + t3/2
dt,

| ph z| < 2
3π,

AI.10.18

Bi(x) =
x5/4e(2/3)x3/2

25/2π

×P

∫ ∞

0

t−1/2e−(2/3)t3/2

Ai(t)

x3/2 − t3/2
dt,

x > 0.

P denotes Cauchy principal value.

AI.10(vii) Repeated Integrals

AI.10.19
∫ x

0

∫ v

0

Ai(t) dt dv = x

∫ x

0

Ai(t) dt− Ai′(x) + Ai′(0),

AI.10.20
∫ x

0

∫ v

0

Bi(t) dt dv = x

∫ x

0

Bi(t) dt− Bi′(x) + Bi′(0),

AI.10.21
∫ ∞

0

∫ ∞

t

· · ·
∫ ∞

t

Ai(−t)( dt)n =
2 cos

(

1
3 (n− 1)π

)

3(n+2)/3Γ( 1
3n+ 2

3 )
,

n = 1, 2, . . ..

AI.11 Products

AI.11(i) Differential Equation

AI.11.1
d3w

dz3 − 4z
dw

dz
− 2w = 0.

w = w1w2, where w1 and w2 are any solutions of
Airy’s equation (AI.2.1). For example, w = Ai2(z),
Ai(z) Bi(z), Ai(z) Ai(ze∓2πi/3), M2(z). Numerically
satisfactory triads of solutions can be constructed
where needed on R or C by inspection of the asymp-
totic expansions supplied in §AI.7.
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AI.11(ii) Wronskian

AI.11.2 W
{

Ai2(z),Ai(z) Bi(z),Bi2(z)
}

= 2π−3.

AI.11(iii) Integral Representations

AI.11.3
Ai2(x) =

1

4π
√

3

∫ ∞

0

J0(
1
12 t

3 + xt) t dt,

x ≥ 0.

For the Bessel function Jν , see Chapter BS.
AI.11.4

Ai2(z) + Bi2(z) =
1

π3/2

∫ ∞

0

exp(zt− 1
12 t

3)t−1/2 dt.

AI.11(iv) Indefinite Integrals

Let w1, w2 be any solutions of (AI.2.1), not neces-
sarily distinct. Then

AI.11.5

∫

w1w2 dz = −w′
1w

′
2 + zw1w2,

AI.11.6

∫

w1w
′
2 dz = 1

2 (w1w2 + zW {w1, w2}) ,

AI.11.7
∫

w′
1w

′
2 dz = 1

3 (w1w
′
2 + w′

1w2 + zw′
1w

′
2 − z2w1w2),

AI.11.8

∫

zw1w2 dz = 1
6 (w1w

′
2 + w′

1w2)

− 1
3 (zw′

1w
′
2 − z2w1w2),

AI.11.9

∫

zw1w
′
2 dz = 1

4

(

w′
1w

′
2 + z2

W {w1, w2}
)

,

AI.11.10
∫

zw′
1w

′
2 dz = 3

10 (−w1w2 + zw1w
′
2 + zw′

1w2)

+ 1
5 (z2w′

1w
′
2 − z3w1w2).

For
∫

znw1w2 dz,
∫

znw1w
′
2 dz,

∫

znw′
1w

′
2 dz,

where n is any positive integer, see Albright (1977).
For related integrals see Gordon (1969, Appendix B).

For any continuously differentiable function f

AI.11.11

∫

1

w2
1

f ′

(

w2

w1

)

dz =
1

W {w1, w2}
f

(

w2

w1

)

.

Examples:

AI.11.12

∫

dz

Ai2(z)
= π

Bi(z)

Ai(z)
,

∫

dz

Ai(z) Bi(z)
= π log

(

Bi(z)

Ai(z)

)

,

AI.11.13
∫

Ai(z) Bi(z)
(

Ai2(z) + Bi2(z)
)2 dz = −π

2

Ai2(z)

Ai2(z) + Bi2(z)

=
π

2

Bi2(z)

Ai2(z) + Bi2(z)
.

AI.12 Scorer Functions

AI.12(i) Differential Equation

AI.12.1
d2w

dz2 − zw =
1

π
.

General solution is given by

AI.12.2 w(z) = Aw1(z) +Bw2(z) + p(z),

where A and B are arbitrary constants, w1(z) and
w2(z) are any two linearly independent solutions of
Airy’s equation (AI.2.1), and p(z) is any particular
solution of (AI.12.1). Standard particular solutions
are

AI.12.3
−Gi(z) , Hi(z) ,

e−2πi/3 Hi(ze−2πi/3) , e2πi/3 Hi(ze2πi/3) ,

with initial values given by

AI.12.4

Gi(0) = 1
2 Hi(0) = 1

3 Bi(0)

= 1/
(

37/6Γ( 2
3 )
)

= 0.20497 55424,

AI.12.5

Gi′(0) = 1
2 Hi′(0) = 1

3 Bi′(0)

= 1/
(

35/6Γ( 1
3 )
)

= 0.14942 94525.

AI.12(ii) Numerically Satisfactory
Solutions

−Gi(x) is a numerically satisfactory companion to
the complementary functions Ai(x) and Bi(x) on the
interval 0 ≤ x < ∞. Hi(x) is a numerically satisfac-
tory companion to Ai(x) and Bi(x) on the interval
−∞ < x ≤ 0.

In C, numerically satisfactory sets of solutions
are given by

AI.12.6 Gi(z) , Ai(z) , Bi(z), | ph z| ≤ 1
3π,

AI.12.7
Hi(z) , Ai(ze−2πi/3) , Ai(ze2πi/3),

| ph(−z)| ≤ 2
3π,

AI.12.8
e−2πi/3 Hi(ze−2πi/3) , Ai(z) ,

Ai(ze2πi/3), −π ≤ ph z ≤ 1
3π,

AI.12.9
e2πi/3 Hi(ze2πi/3) , Ai(z) ,

Ai(ze−2πi/3), − 1
3π ≤ ph z ≤ π.

AI.12(iii) Connection Formulas

AI.12.10 Gi(z) + Hi(z) = Bi(z),

AI.12.11

Gi(z) = 1
2e

πi/3 Hi(ze−2πi/3) + 1
2e

−πi/3 Hi(ze2πi/3),

AI.12.12

Hi(z) = e±2πi/3 Hi(ze±2πi/3) + 2e∓πi/6 Ai(ze∓2πi/3).
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12 AIRY AND RELATED FUNCTIONS

AI.12(iv) Maclaurin Series

AI.12.13

Gi(z) =
3−2/3

π

×
∞
∑

s=0

cos

(

2s− 1

3
π

)

Γ

(

s+ 1

3

)

(31/3z)s

s!
,

AI.12.14

Gi′(z) =
3−1/3

π

×
∞
∑

s=0

cos

(

2s+ 1

3
π

)

Γ

(

s+ 2

3

)

(31/3z)s

s!
,

AI.12.15 Hi(z) =
3−2/3

π

∞
∑

s=0

Γ

(

s+ 1

3

)

(31/3z)s

s!
,

AI.12.16 Hi′(z) =
3−1/3

π

∞
∑

s=0

Γ

(

s+ 2

3

)

(31/3z)s

s!
.

AI.12(v) Integral Representations

Indefinite Integrals
AI.12.17

Gi(z) = Bi(z)

∫ ∞

z

Ai(t) dt+ Ai(z)

∫ z

0

Bi(t) dt,

AI.12.18

Hi(z) = Bi(z)

∫ z

−∞

Ai(t) dt− Ai(z)

∫ z

−∞

Bi(t) dt,

AI.12.19

Gi′(z) = Bi′(z)

∫ ∞

z

Ai(t) dt + Ai′(z)

∫ z

0

Bi(t) dt,

AI.12.20

Hi′(z) = Bi′(z)

∫ z

−∞

Ai(t) dt− Ai′(z)

∫ z

−∞

Bi(t) dt.

Definite Integrals

AI.12.21 Gi(x) =
1

π

∫ ∞

0

sin( 1
3 t

3 + xt) dt,

AI.12.22 Hi(z) =
1

π

∫ ∞

0

exp(− 1
3 t

3 + zt) dt,

AI.12.23

Gi(z) = − 1

π

∫ ∞

0

exp
(

− 1
3 t

3 − 1
2zt
)

× cos
(

1
2

√
3zt+ 2

3π
)

dt.

If ζ = 2
3z

3/2 or 2
3x

3/2, and K1/3 is the modified
Bessel function (Chapter BS), then
AI.12.24

Hi(−z) =
4z2

33/2π2

∫ ∞

0

K1/3(t)

ζ2 + t2
dt, | ph z| < 1

3π,

AI.12.25 Gi(x) =
4x2

33/2π2
P

∫ ∞

0

K1/3(t)

ζ2 − t2
dt,

x > 0,

where P denotes the Cauchy principal value.

Barnes-Type Integral
AI.12.26

Hi(z) =
3−2/3

2π2i

∫ i∞

−i∞

Γ( 1
3 + 1

3 t)Γ(−t)(31/3eπiz)t dt,

where the contour of integration separates the poles
of Γ( 1

3 + 1
3 t) from those of Γ(−t).

AI.12(vi) Asymptotic Expansions

Functions and Derivatives

AI.12.27 Gi(z) ∼ 1

πz

∞
∑

s=0

(3s)!

s!(3z3)s
, | ph z| < 1

3π,

AI.12.28 Gi′(z) ∼ − 1

πz2

∞
∑

s=0

(3s+ 1)!

s!(3z3)s
, | ph z| < 1

3π,

AI.12.29

Hi(z) ∼ − 1

πz

∞
∑

s=0

(3s)!

s!(3z3)s
, | ph(−z)| < 2

3π,

AI.12.30

Hi′(z) ∼ 1

πz2

∞
∑

s=0

(3s+ 1)!

s!(3z3)s
, | ph(−z)| < 2

3π.

For other phase ranges combine these results with
the connection formulas (AI.12.10)–(AI.12.12) and
the asymptotic expansions in §AI.7.

Integrals
AI.12.31
∫ z

0

Gi(t) dt ∼ 1

π
ln z +

2γ + ln 3

3π
− 1

π

∞
∑

s=1

(3s− 1)!

s!(3z3)s
,

| ph z| < 1
3π,

AI.12.32

∫ z

0

Hi(−t) dt ∼ 1

π
ln z +

2γ + ln 3

3π

+
1

π

∞
∑

s=1

(−)s−1 (3s− 1)!

s!(3z3)s
, | ph z| < 2

3π,

where γ = Euler’s constant (Chapter MP).

AI.12(vii) Graphs

This section to be completed.

AI.13 Generalized Airy Functions

AI.13(i) Generalizations from the
Differential Equation

Equations of the form

AI.13.1
d2w

dz2 = znw, n = positive integer,

are used in approximating solutions to differential
equations with multiple turning points; compare
§AI.16. From Chapter BS, the general solution of
(AI.13.1) is given by

AI.13.2 w = z1/2
Zp(ζ),

Ch. AI: Printed 2003-09-10 20:08; c© 1998 NIST. For status see chapter title page.



P
re

lim
in

ar
y

AI.13 GENERALIZED AIRY FUNCTIONS 13

where
AI.13.3

p =
1

n+ 2
, ζ =

2

n+ 2
z(n+2)/2 = 2pz1/(2p) ,

and Zp is the modified cylinder function of order p
(Chapter BS).

Swanson and Headley (1967) define independent
solutions An(z) and Bn(z) of (AI.13.1) by

AI.13.4
An(z) = (2p/π) sin(pπ)z1/2Kp(ζ) ,

Bn(z) = (pz)1/2 (I−p(ζ) + Ip(ζ)) ,

when z is real and positive, and by analytic con-
tinuation elsewhere. (All solutions of (AI.13.1) are
entire functions of z.) When n = 1, An(z) and Bn(z)
become Ai(z) and Bi(z), respectively.

Properties of An(z) and Bn(z) for general n fol-
low from the corresponding properties of the modi-

fied Bessel functions. They include

AI.13.5

An(0) = p1/2Bn(0) =
p1−p

Γ(1 − p)
,

−A′
n(0) = p1/2B′

n(0) =
pp

Γ(p)
,

AI.13.6

An(−z) =

{

pz1/2 (J−p(ζ) + Jp(ζ)) , n odd,

p1/2Bn(z), n even,

AI.13.7

Bn(−z) =

{

(pz)1/2 (J−p(ζ) − Jp(ζ)) , n odd,

p−1/2An(z), n even,

AI.13.8 W {An(z), Bn(z)} =
2

π
p1/2 sin(pπ),

and for large |z|

AI.13.9 An(z) =
( p

π

)1/2

sin(pπ)z−n/4e−ζ
(

1 +O(ζ−1)
)

, | ph z| < 3pπ,

AI.13.10 An(−z) =

{

2
√

p/π cos( pπ
2 )z−n/4

(

cos(ζ − π
4 ) + e|=ζ|O(ζ−1)

)

, | ph z| < 2pπ, n odd,
√

p/πz−n/4eζ
(

1 +O(ζ−1)
)

, | ph z| < pπ, n even,

AI.13.11 Bn(z) = π−1/2z−n/4eζ
(

1 +O(ζ−1)
)

, | ph z| < pπ,

AI.13.12 Bn(−z) =











− 2√
π

sin(pπ
2 )z−n/4

(

sin(ζ − π
4 ) + e|=ζ|O(ζ−1)

)

, | ph z| < 2pπ, n odd,

1

π
sin(pπ)z−n/4e−ζ

(

1 +O(ζ−1)
)

, | ph z| < 3pπ, n even.

The distribution in C and asymptotic properties of
the zeros of An(z), A′

n(z), Bn(z) and B′
n(z) are

investigated in Swanson and Headley (1967) and
Headley and Barwell (1975).

Olver (1977), Olver (1978) employed a different
normalization from that of Swanson and Headley
(1967). In place of (AI.13.1) we have

AI.13.13
d2w

dt2
= 1

4m
2tm−2w,

where m = 3, 4, 5, . . . . For real variables the solu-
tions of (AI.13.13) are denoted by Um(t), Um(−t),
when m is even, and by Vm(t), V̄m(t) when m is odd.
Their relations to the functions An(z) and Bn(z) are
given by
AI.13.14

m = n+ 2 = 1/p , t = ( 1
2m)−2/mz = ζ2/m ,

AI.13.15

√
2π
(m

2

)(m−1)/m

csc
( π

m

)

An(z)

=

{

Um(t), m even,

Vm(t), m odd,

AI.13.16

√
π
(m

2

)(m−2)/(2m)

csc
( π

m

)

Bn(z)

=

{

Um(−t), m even,

V̄m(t), m odd.

Properties and graphs of Um(t), Vm(t), V̄m(t) are
included in Olver (1977) together with properties
and graphs of real solutions of the equation

AI.13.17
d2w

dt2
= − 1

4m
2tm−2w, , m even,

which are denoted by Wm(t), Wm(−t).
In C, the solutions of (AI.13.13) used in Olver

(1978) are

AI.13.18 W = Um(te−2jπi/m), j = 0,±1,±2, . . ..

Um(te−2jπi/m) is recessive in the sector −(2j −
1)π/m ≤ ph z ≤ (2j+1)π/m, and is therefore an es-
sential member of any numerically satisfactory pair
of solutions in this region.
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14 AIRY AND RELATED FUNCTIONS

Another normalization of (AI.13.17) is due to
Smirnov (1960), and is given by

AI.13.19
d2w

ds2
+ sαw = 0,

where −2 < α < ∞ and 0 < s < ∞. Solutions are
w = U1(s, α), U2(s, α), where

AI.13.20 U1(s, α) =
1

(α + 2)1/(α+2)
Γ

(

α+ 1

α+ 2

)

s1/2 J−1/(α+2)

(

2

α+ 2
s(α+2)/2

)

,

AI.13.21 U2(s, α) = (α + 2)1/(α+2)Γ

(

α+ 3

α+ 2

)

s1/2 J1/(α+2)

(

2

α+ 2
s(α+2)/2

)

.

The relation of these functions to Wm(t),
Wm(−t) is as follows:

AI.13.22 α = m− 2 , s = (m/2)2/mt ,

AI.13.23

U1(s, α) =
π1/2

2(m+2)/(2m)Γ(1/m)
(Wm(t) +Wm(−t)) ,

AI.13.24

U2(s, α) =
π1/2m2/m

2(m+2)/(2m)Γ(−1/m)
(Wm(t)−Wm(−t)) .

AI.13(ii) Generalizations from Integral
Representations

Reid (1972) and Drazin and Reid (1981, Ap-
pendix) introduced the following contour integrals
in constructing approximate solutions to the Orr-
Sommerfeld equation for fluid flow:

AI.13.25
Ak(z, p) =

1

2πi

∫

Lk

t−p exp(zt− 1
3 t

3) dt,

k = 1, 2, 3, p ∈ C,

AI.13.26
B0(z, p) =

1

2πi

∫

L0

t−p exp(zt− 1
3 t

3) dt,

p = 0,±1,±2, . . .,

AI.13.27
Bk(z, p) =

∫

Ik

t−p exp(zt− 1
3 t

3) dt,

k = 1, 2, 3, p = 0,±1,±2, . . .,

with z ∈ C in all cases. The integration paths L0,
L1, L2, L3 are depicted in Figure AI.13.1 and I1,
I2, I3 are depicted in Figure AI.13.2. When p is not
an integer the branch of t−p in (AI.13.25) is chosen
to be exp (−p(ln |t| + i ph t)) with 0 ≤ ph t < 2π.

When p = 0

AI.13.28 A1(z, 0) = Ai(z),

AI.13.29
A2(z, 0) = e2πi/3 Ai(ze2πi/3) ,

A3(z, 0) = e−2πi/3 Ai(ze−2πi/3) ,

AI.13.30 B0(z, 0) = 0 , B1(z, 0) = πHi(z) .

Each of the functions Ak(z, p) and Bk(z, p) sat-
isfies the differential equation

AI.13.31
d3w

dz3 − z
dw

dz
+ (p− 1)w = 0,

and the difference equation

AI.13.32 f(p− 3) − zf(p− 1) + (p− 1)f(p) = 0.

The functions Ak(z, p) are related by

AI.13.33
A2(z, p) = e−2(p−1)πi/3 A1(ze

2πi/3, p) ,

A3(z, p) = e2(p−1)πi/3A1(ze
−2πi/3, p) .

Connection formulas for the solutions of (AI.13.31)
include
AI.13.34

A1(z, p) +A2(z, p) +A3(z, p) +B0(z, p) = 0,

AI.13.35 B2(z, p) −B3(z, p) = 2πiA1(z, p),

AI.13.36 B3(z, p) −B1(z, p) = 2πiA2(z, p),

AI.13.37 B1(z, p) −B2(z, p) = 2πiA3(z, p).

Further properties of these functions, and also
of similar contour integrals containing an additional
factor (ln t)q , q = 1, 2, . . ., in the integrand, are de-
rived in Reid (1972), Drazin and Reid (1981, Ap-
pendix), and Baldwin (1985). These properties in-
clude Wronskians, asymptotic expansions, and infor-
mation on zeros.

AI.14 Incomplete Airy Functions

This section to be completed.

Applications

AI.15 Coalescing Saddle Points

This topic is treated in Chapter IC.

Ch. AI: Printed 2003-09-10 20:08; c© 1998 NIST. For status see chapter title page.



P
re

lim
in

ar
y

AI.16 TURNING-POINT PROBLEMS 15

L0

L1

L2

L3

O
¥

¥e2 Πi�3

¥e4 Πi�3

Figure AI.13.1: t-plane paths L0, L1, L2, L3.

I1

I2

I3

O

2Πi�3
2Πi�3

Figure AI.13.2: t-plane paths I1, I2, I3.

AI.16 Turning-Point Problems

Consider the differential equation

AI.16.1
d2w

dx2 = u2f(x)w, a ≤ x ≤ b,

in which u is a positive real parameter and the closed
interval [a, b] is finite. Suppose that f(x) is real,
nonvanishing, and twice-continuously differentiable
on [a, b]. Then as u → ∞ (AI.16.1) has solutions
w±(u, x) such that
AI.16.2

w±(u, x) ∼ (f(x))
−1/4

exp

(

±u
∫

(f(x))
1/2

dx

)

,

uniformly on [a, b]. Moreover, these relations con-
tinue to hold when f(x) has a singularity at a or b,
or when (a, b) is an infinite open interval, provided
that in all cases the “error-control function”

AI.16.3

∫

|f |−1/4(|f |−1/4)′′ dx

converges at the endpoint of the interval.

The result just stated is the Liouville-Green
(or WKBJ) approximation theorem. The solutions
w±(u, x) are exponential or oscillatory in character
throughout (a, b), depending whether f(x) is posi-
tive or negative.

If (a, b) contains a zero x0, say, of f(x), then
the Liouville-Green approximation breaks down in
the neighborhood of x0. When x0 is a simple zero,
and u is large, the solutions of the differential equa-
tion are of exponential type on one side of x0, and
are oscillatory on the other. For this reason x0 is
called a transition point or turning point, and it is
not possible to approximate the solutions in terms
of elementary functions uniformly throughout (a, b).
But it is possible to construct uniform asymptotic
approximations on (a, b) in terms of the solutions of
the simplest second-order differential equation with
a turning point, namely Airy’s equation (AI.2.1).

Without loss of generality assume that the sign of
f(x)/(x− x0) on (a, b) is positive. Assume also that
f(x)/(x− x0) is twice-continuously differentiable on
(a, b), and the integral (AI.16.3) converges at each
endpoint. Define a new integration variable ζ by

AI.16.4
2
3 (−ζ)3/2 =

∫ x0

x

(−f(t))
1/2

dt, a < x ≤ x0;

AI.16.5
2
3ζ

3/2 =

∫ x

x0

(f(t))1/2 dt, x0 ≤ x < b.

Then equation (AI.16.1) has solutions w1(u, x),
w2(u, x) such that
AI.16.6

w1(u, x) = (ζ/f(x))
1/4
(

Bi(u2/3ζ) + ε1(u, x)
)

,

AI.16.7

w2(u, x) = (ζ/f(x))
1/4
(

Ai(u2/3ζ) + ε2(u, x)
)

where for large u

AI.16.8
ε1(u, x) = M(u2/3ζ)O(u−1) ,

ε2(u, x) = M(u2/3ζ)O(u−1) ,

uniformly on (a, x0], and

AI.16.9
ε1(u, x) = Bi(u2/3ζ)O(u−1) ,

ε2(u, x) = Ai(u2/3ζ)O(u−1) ,

uniformly on [x0, b). HereM is the modulus function
introduced in §AI.8.

Full details of this theory, including examples
and extensions from asymptotic approximations to
asymptotic expansions, complex variables, error
bounds, and more general forms of the differential
equation than (AI.16.1), may be found in Olver
(1974, Chapter 11).

AI.17 Physical Applications

This section to be completed.
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16 AIRY AND RELATED FUNCTIONS

Computation

AI.18 Methods of Computation

AI.18(i) Maclaurin Expansions

Although the Maclaurin series expansions of §AI.4
converge for all finite values of z, they are cum-
bersome to use when |z| is large owing to slowness
of convergence and cancellation. For large |z| the
asymptotic expansions of §AI.7 should be used in-
stead. Since these expansions diverge, the accuracy
they yield is limited by the magnitude of |z|. How-
ever, this accuracy can be increased considerably by
use of the exponentially-improved forms of expansion
supplied in §AI.7(iv).

AI.18(ii) Differential Equation

A comprehensive and powerful approach is to inte-
grate the defining differential equation (AI.2.1) by
direct numerical methods. As explained in Chapter
NM, to insure stability the integration path must be
chosen in such a way that as we proceed along it the
wanted solution grows at least as fast as all other
solutions of the differential equation. In the case of
Ai(z), for example, this means that in the sectors
1
3π < | ph z| < π we may integrate along outward
rays from the origin with initial values obtained from
(AI.2.3). But when | ph z| < 1

3π the integration has
to be towards the origin, with starting values of Ai(z)
and Ai′(z) computed from their asymptotic expan-
sions. On the remaining rays, given by ph z = ± 1

3π,
π, integration can proceed in either direction.

For details of this method, including a paral-
lelized version, see Lozier and Olver (1993).

AI.18(iii) Integral Representations

Among the integral representations of the Airy func-
tions the Stieltjes transform (AI.10.17) furnishes an
effective way of computing Ai(z) in the complex
plane, once values of this function can be gener-
ated on the positive real axis. For details, includ-
ing the application of a generalized form of Gaus-
sian quadrature, see Gordon (1969, Appendix A) and
Schulten et al. (1979).

AI.18(iv) Via Bessel Functions

Since Airy functions and their derivatives can be
expressed as Bessel functions of orders ± 1

3 , ± 2
3

(§AI.6(i)), algorithms for generating Bessel func-
tions, including recurrence on the order (Chapter
BS), can be used to generate Ai(z), Bi(z), and their
derivatives. Some software packages incorporate this
feature; see §AI.21.

AI.18(v) Zeros

Zeros can be computed to high precision by Newton’s
method (Chapter NM), using values supplied by the
asymptotic expansions of §AI.9 as initial approxima-
tions. This method was used in the computation of
the tables in §AI.9(iv).

AI.18(vi) Scorer Functions

Methods similar to those of §§AI.18(ii), AI.18(iii),
and AI.18(iv), can be used for Scorer functions,
Gi(z) and Hi(z).

Integration of the differential equation (AI.12.1)
is more difficult than (AI.2.1), however, because in
some regions stable directions of integration do not
exist. An example is provided by Gi(x) on the pos-
itive real axis. In these cases boundary-value meth-
ods can be used instead; see for example Olde Daal-
huis and Olver (1998).

For an application of generalized Gaus-
sian quadrature to the integrals (AI.12.22) and
(AI.12.25), see Gordon (1970, Appendix A). Other
integral representations can also be used, for exam-
ple, (AI.12.22), (AI.12.23); see Lee (1980).

AI.19 Tables

The notation 8S, or 8D, signifies 8 significant figures, or

decimal digits, respectively.

AI.19(i) Real Variables

• Miller (1946) includes Ai(x), Ai′(x) for −20 ≤
x ≤ 2; log10 Ai(x), Ai′(x)/Ai(x) for 0 ≤
x ≤ 75; Bi(x), Bi′(x) for −10 ≤ x ≤ 2.5;
log10 Bi(x), Bi′(x)/Bi(x) for 0 ≤ x ≤ 10;

M(x), N(x), θ(x), φ(x) (respectively F (x),
G(x), χ(x), ψ(x)) for −80 ≤ x ≤ 0. Preci-
sion is generally 8D; slightly less for some of
the auxiliary functions. Extracts from these
tables are included in Abramowitz and Stegun
(1964, Chapter 10), as well as some auxiliary
functions for large arguments.

• Zhang and Jin (1996) tabulate Ai(x), Ai′(x),
Bi(x), Bi′(x) for 0 ≤ x ≤ 20 to 8S and for
−20 ≤ x ≤ 0 to 9D.

• Yakovleva (1969) tabulates Fock’s functions
(AI.1.2) U(x) ≡ √

π Bi(x), U ′(x) ≡ √
πBi′(x),

V (x) =
√
πAi(x), V ′(x) =

√
πAi′(x) for −9 ≤

x ≤ 9. Precision is 7S.

AI.19(ii) Complex Variables

• Woodward and Woodward (1946) tabulate the
real and imaginary parts of Ai(z), Ai′(z),
Bi(z), Bi′(z) for −2.4 ≤ <z ≤ 2.4, −2.4 ≤
=z ≤ 0. Precision is 4D.
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• Harvard (1945) tabulates the real and imag-
inary parts of h1(z), h

′
1(z), h2(z), h

′
2(z) for

−x0 ≤ <z ≤ x0, 0 ≤ =z ≤ y0, |x0 + iy0| < 6.1,
where

h1(z) = −24/331/6iAi(e−πi/3z) ,

h2(z) = 24/331/6iAi(eπi/3z) .

Precision is 8D.

AI.19(iii) Zeros

• Miller (1946) includes as, Ai′(as), a
′
s, Ai(a′s)

for 1 ≤ s ≤ 50; bs, Bi′(bs), b
′
s, Bi(b′s) for

1 ≤ s ≤ 20. Precision is 8D. Entries for
1 ≤ s ≤ 10 are reproduced in Abramowitz and
Stegun (1964, Chapter 10).

• Sherry (1959) gives as, Ai′(as), a
′
s, Ai(a′s) for

1 ≤ s ≤ 50 to 20S.

• Zhang and Jin (1996) include as, Ai′(as), a
′
s,

Ai(a′s), bs, Bi′(bs), b
′
s, Bi(b′s) for 1 ≤ s ≤ 20 to

8D.

• Olver (1954) includes βs, Bi′(βs), β
′
s, Bi(β′

s) in
modulus and phase form for 1 ≤ s ≤ 5 to 3D.
These values are reproduced in Abramowitz
and Stegun (1964, Chapter 10).

• Corless et al. (1992) give the real and imagi-
nary parts of βs for 1 ≤ s ≤ 13 to 14S.

AI.19(iv) Integrals

• Rothman (1954a) tabulates
∫ x

0
Ai(t) dt and

∫ x

0
Bi(t) dt for −10 ≤ x <∞ and −10 ≤ x ≤ 2,

respectively, to 7D. The entries in the columns
headed

∫ x

0
Ai(−x) dx and

∫ x

0
Bi(−x) dx all

have the wrong sign. The tables are repro-
duced in Abramowitz and Stegun (1964, Chap-
ter 10), and the sign errors are corrected in
later reprintings.

• NBS (1958) includes
∫ x

0
Ai(−t) dt and

∫ x

0

∫ v

0
Ai(−t) dt dv (see (AI.10.19)) for −2 ≤

x ≤ 5 to 8D and 7D, respectively.

• Zhang and Jin (1996) include
∫ x

0
Ai(t) dt and

∫ x

0
Bi(t) dt for −10 ≤ x ≤ 10 to 8D or 8S.

AI.19(v) Scorer Functions

• Scorer (1950) tabulates Gi(x) and Hi(−x) for
0 ≤ x ≤ 10 to 7D.

• Rothman (1954b) tabulates
∫ x

0 Gi(t) dt,

Gi′(x),
∫ x

0
Hi(−t) dt, −Hi′(−x) for 0 ≤ x ≤ 10

to 7D.

• NBS (1958) includes A0(x) ≡ πHi(−x) and
−A′

0(x) ≡ πHi′(−x) for 0 ≤ x ≤ 11 and
0 < 1/x ≤ 0.1;

∫ x

0 A0(t) dt for 0 ≤ x ≤ 11.
Precision is 8D.

• Nosova and Tumarkin (1965) include e0(x) ≡
πHi(−x), e′0(x) ≡ −πHi′(−x), ẽ0(−x) ≡
−πGi(x), ẽ′0(−x) ≡ πGi′(x) for −1 ≤ x ≤ 10
to 7D. Also included are the real and imagi-
nary parts of e0(z) and ie′0(z), where z = iy
and 0 ≤ y ≤ 9, to 6-7D.

AI.19(vi) Generalized Airy Functions

• Smirnov (1960) includes U1(s, α), U2(s, α),
defined by (AI.13.20), (AI.13.21), and also
∂U1(s, α)/∂s, ∂U2(s, α)/∂s, for α = 1, −6 ≤
s ≤ 10 to 5D or 5S, and −0.75 ≤ α ≤ 2,
0 ≤ s ≤ 6 to 4D.

AI.20 Approximations

The notation 8S, or 8D, signifies 8 significant figures, or

decimal digits, respectively.

AI.20(i) Approximations in Terms of
Elementary Functions

• Mart́ın et al. (1992) provide two simple formu-
las for approximating Ai(x) to graphical ac-
curacy, one for −∞ < x ≤ 0, the other for
0 ≤ x <∞.

• Moshier (1989, §6.14) provides minimax ra-
tional approximations for calculating Ai(x),
Ai′(x), Bi(x), Bi′(x). They are in terms of the
variable ζ, where ζ = 2

3x
3/2 when x is positive,

or ζ = 2
3 (−x)3/2 when x is negative. The ap-

proximations apply when 2 ≤ ζ < ∞, that is,
when 32/3 ≤ x <∞ or −∞ < x ≤ −32/3. The
precision in the coefficients is 21S.

AI.20(ii) Expansions in Chebyshev Series

These expansions are for real arguments x and are
supplied in sets of four for each function, correspond-
ing to intervals −∞ < x ≤ a, a ≤ x ≤ 0, 0 ≤ x ≤ b,
b ≤ x <∞. The constants a and b are chosen numer-
ically, with a view to equalizing the effort required
for summing the series in each of the four cases.

• Prince (1975) covers Ai(x), Ai′(x), Bi(x),
Bi′(x). The Chebyshev coefficients are given
to 10-11D. Fortran programs are included.
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18 AIRY AND RELATED FUNCTIONS

• Németh (1971) covers Ai(x), Ai′(x), Bi(x),
Bi′(x), and integrals

∫ x

0
Ai(t) dt,

∫ x

0
Bi(t) dt,

∫ x

0

∫ v

0 Ai(t) dt dv,
∫ x

0

∫ v

0 Bi(t) dt dv (see also
(AI.10.19) and (AI.10.20)). The Chebyshev
coefficients are given to 15D. Chebysev coeffi-
cients are also given for expansions of the sec-
ond and higher (real) zeros of Ai(x), Ai′(x),
Bi(x), Bi′(x), again to 15D.

• Razaz and Schonfelder (1980) covers Ai(x),
Ai′(x), Bi(x), Bi′(x). The Chebyshev coeffi-
cients are given to 30D.

AI.20(iii) Approximations in the
Complex Plane

• Corless et al. (1992) describe a method of ap-
proximation based on subdividing C into a
triangular mesh, with values of Ai(z), Ai′(z)
stored at the nodes. Ai(z) and Ai′(z) are then
computed from Taylor-series expansions cen-
tered at one of the nearest nodes. The Taylor
coefficients are generated by recursion, start-
ing from the stored values of Ai(z), Ai′(z) at
the node. Similarly for Bi(z), Bi′(z).

AI.21 Software

See the Digital Library of Mathematical Functions
at HTTP://dlmf.nist.gov/.DLMF ⇐

References
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§AI.7(ii) (sec:AI.AS.RB) . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Note: ζ = 2

3
x3/2, for x > 0.

Note: See Olver (1974, pp. 392–393 and 413–414).

Eq.AI.7.12 (eq:AI.AS.AB) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.13 (eq:AI.AS.CH) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.14 (eq:AI.AS.BB) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.15 (eq:AI.AS.BPB) . . . . . . . . . . . . . . . . . . . . . . . . . 6
§AI.7(iii) (sec:AI.AS.CB) . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Note: These results can be derived from
(AI.6.1)–(AI.6.5) and Olver (1974, pp. 266–267).
Eq.AI.7.16 (eq:AI.AS.SG) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.17 (eq:AI.AS.CAB) . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.18 (eq:AI.AS.CAPB) . . . . . . . . . . . . . . . . . . . . . . . .6
Eq.AI.7.19 (eq:AI.AS.CBB) . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.20 (eq:AI.AS.CBPB) . . . . . . . . . . . . . . . . . . . . . . . .6
§AI.7(iv) (sec:AI.AS.IM) . . . . . . . . . . . . . . . . . . . . . . . . . . .6

Note: See Olver (1991) and Olver (1993).
Eq.AI.7.21 (eq:AI.AS.IA) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.22 (eq:AI.AS.IAP) . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.23 (eq:AI.AS.IR) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.24 (eq:AI.AS.IS) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.25 (eq:AI.AS.IG) . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.7.26 (eq:AI.AS.IRR) . . . . . . . . . . . . . . . . . . . . . . . . . 6

Constraint: | ph z| ≤ 2
3
π

§AI.8 (sec:AI.MP) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Note: See Miller (1946, pp. B10 and B48) and Olver

(1974, pp. 394–397 and 403–404).
Note: x > 0

§AI.8(i) (sec:AI.MP.DF) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.8.1 (eq:AI.MP.A) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.8.2 (eq:AI.MP.B) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.8.3 (eq:AI.MP.M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.8.4 (eq:AI.MP.T) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Eq.AI.8.5 (eq:AI.MP.AP) . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Tab.AI.7.1 (tab:AI.AS.RE) . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.6 (eq:AI.MP.BP) . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.7 (eq:AI.MP.N) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.8 (eq:AI.MP.P) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.8(ii) (sec:AI.MP.ID) . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.9 (eq:AI.MP.W) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.10 (eq:AI.MP.MN) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.11 (eq:AI.MP.NN) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.12 (eq:AI.MP.MM) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.13 (eq:AI.MP.TP) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.14 (eq:AI.MP.MDE) . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.15 (eq:AI.MP.TDE) . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.8(iii) (sec:AI.MP.MO) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.8(iv) (sec:AI.MP.AS) . . . . . . . . . . . . . . . . . . . . . . . . . . .7
Eq.AI.8.16 (eq:AI.MP.ASM) . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.17 (eq:AI.MP.ASN) . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.18 (eq:AI.MP.AST) . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.8.19 (eq:AI.MP.ASP) . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.9 (sec:AI.ZE) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.9(i) (sec:AI.ZE.ID) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Note: See Olver (1974, Chapter 11, pp. 414–415).
§AI.9(ii) (sec:AI.ZE.MP) . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Note: See Miller (1946, p. B48), Olver (1974,
p. 404) and Olver (1954, eq.(2.15)).
Eq.AI.9.1 (eq:AI.ZE.TA) . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.9.2 (eq:AI.ZE.TB) . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.9.3 (eq:AI.ZE.APA) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.9.4 (eq:AI.ZE.BPB) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
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Eq.AI.9.5 (eq:AI.ZE.AAP) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Eq.AI.9.6 (eq:AI.ZE.BBP) . . . . . . . . . . . . . . . . . . . . . . . . . . 7
§AI.9(iii) (sec:AI.ZE.AS) . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Note: See Fabijonas and Olver (1999). For the error
bounds, see Pittaluga and Sacripante (1991).
Eq.AI.9.7 (eq:AI.ZE.XA) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.8 (eq:AI.ZE.XAPA) . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.9 (eq:AI.ZE.XAP) . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.10 (eq:AI.ZE.XAAP) . . . . . . . . . . . . . . . . . . . . . . . .8
Eq.AI.9.11 (eq:AI.ZE.XB) . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.12 (eq:AI.ZE.XBPB) . . . . . . . . . . . . . . . . . . . . . . . .8
Eq.AI.9.13 (eq:AI.ZE.XBP) . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.14 (eq:AI.ZE.XBBP) . . . . . . . . . . . . . . . . . . . . . . . .8
Eq.AI.9.15 (eq:AI.ZE.XBE) . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.16 (eq:AI.ZE.XBPBE) . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.17 (eq:AI.ZE.XBEP) . . . . . . . . . . . . . . . . . . . . . . . .8
Eq.AI.9.18 (eq:AI.ZE.XBBEP) . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.19 (eq:AI.ZE.T) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.20 (eq:AI.ZE.U) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.21 (eq:AI.ZE.V) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Eq.AI.9.22 (eq:AI.ZE.W) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
§AI.9(iv) (sec:AI.ZE.TB) . . . . . . . . . . . . . . . . . . . . . . . . . . .8

Note: These tables were computed at NIST.
Tab.AI.9.1 (tab:AI.ZE.A) . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Tab.AI.9.2 (tab:AI.ZE.B) . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Tab.AI.9.3 (tab:AI.ZE.CB) . . . . . . . . . . . . . . . . . . . . . . . . . 9
Tab.AI.9.4 (tab:AI.ZE.CBP) . . . . . . . . . . . . . . . . . . . . . . . . 9
§AI.10 (sec:AI.IN) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Note: See Olver (1974, p. 431–432).
Eq.AI.10.1 (eq:AI.IN.IN) . . . . . . . . . . . . . . . . . . . . . . . . . . 9
§AI.10(i) (sec:AI.IN.SC) . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
§AI.10 (sec:AI.IN) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Note: See Olver (1974, p. 431–432).
Eq.AI.10.2 (eq:AI.IN.G) . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Eq.AI.10.3 (eq:AI.IN.H) . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Eq.AI.10.4 (eq:AI.IN.GH) . . . . . . . . . . . . . . . . . . . . . . . . . . 9
§AI.10(ii) (sec:AI.IN.AS) . . . . . . . . . . . . . . . . . . . . . . . . . 10

Note: Integrate the asymptotic expansions from
§AI.7(i) and use (AI.10.1).
Eq.AI.10.5 (eq:AI.IN.ASA) . . . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: x → ∞
Eq.AI.10.6 (eq:AI.IN.ASB) . . . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: x → ∞
Eq.AI.10.7 (eq:AI.IN.ASAM) . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: x → −∞
Eq.AI.10.8 (eq:AI.IN.ASBM) . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: x → −∞
§AI.10(iii) (sec:AI.IN.IN) . . . . . . . . . . . . . . . . . . . . . . . . 10

Note: See Gordon (1970, Appendix B).
Eq.AI.10.9 (eq:AI.IN.Z) . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Eq.AI.10.10 (eq:AI.IN.Z2) . . . . . . . . . . . . . . . . . . . . . . . 10
Eq.AI.10.11 (eq:AI.IN.ZN) . . . . . . . . . . . . . . . . . . . . . . . 10
§AI.10(iv) (sec:AI.IN.LA) . . . . . . . . . . . . . . . . . . . . . . . . 10

Note: For (AI.10.12) see Widder (1979). For
(AI.10.13)–(AI.10.15) see Gibbs (1973, problem 72-21).
Eq.AI.10.12 (eq:AI.IN.CLA) . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: <p > 0
Eq.AI.10.13 (eq:AI.IN.LA) . . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: p ∈ C

Eq.AI.10.14 (eq:AI.IN.LAM) . . . . . . . . . . . . . . . . . . . . . . 10
Constraint: <p > 0

Eq.AI.10.15 (eq:AI.IN.LBM) . . . . . . . . . . . . . . . . . . . . . . 10
Constraint: <p > 0

§AI.10(v) (sec:AI.IN.ME) . . . . . . . . . . . . . . . . . . . . . . . . . 10
Note: See Olver (1974, p. 338).

Eq.AI.10.16 (eq:AI.IN.ME) . . . . . . . . . . . . . . . . . . . . . . . 10
Constraint: <α > 0

§AI.10(vi) (sec:AI.IN.ST) . . . . . . . . . . . . . . . . . . . . . . . . 10
Note: See Schulten et al. (1979).

Eq.AI.10.17 (eq:AI.IN.STA) . . . . . . . . . . . . . . . . . . . . . . 10
Constraint: | ph z| < 2

3
π

Eq.AI.10.18 (eq:AI.IN.STB) . . . . . . . . . . . . . . . . . . . . . . 10
Constraint: x > 0

§AI.10(vii) (sec:AI.IN.RI) . . . . . . . . . . . . . . . . . . . . . . . 10
Eq.AI.10.19 (eq:AI.IN.RA) . . . . . . . . . . . . . . . . . . . . . . . 10

Note: Use (AI.2.1) and see Olver (1974,
pp. 342–344).
Eq.AI.10.20 (eq:AI.IN.RB) . . . . . . . . . . . . . . . . . . . . . . . 10
Eq.AI.10.21 (eq:AI.IN.RNA) . . . . . . . . . . . . . . . . . . . . . . 10

Constraint: n = 1, 2, . . .
§AI.11 (sec:AI.PR) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
§AI.11(i) (sec:AI.PR.DE) . . . . . . . . . . . . . . . . . . . . . . . . . 10

Note: See Miller (1946, p. B10) and Olver (1974,
p. 55).
Eq.AI.11.1 (eq:AI.PR.DE) . . . . . . . . . . . . . . . . . . . . . . . . . 10
§AI.11(ii) (sec:AI.PR.WR) . . . . . . . . . . . . . . . . . . . . . . . . . 11

Note: Use (AI.2.1) and (AI.2.7).
Eq.AI.11.2 (eq:AI.PR.WR) . . . . . . . . . . . . . . . . . . . . . . . . . 11
§AI.11(iii) (sec:AI.PR.IR) . . . . . . . . . . . . . . . . . . . . . . . . 11

Note: For (AI.11.3), see Lebedev (1965, p. 142). For
(AI.11.4), see Muldoon (1977).
Eq.AI.11.3 (eq:AI.PR.IR1) . . . . . . . . . . . . . . . . . . . . . . . .11

Constraint: x ≥ 0
Eq.AI.11.4 (eq:AI.PR.IR2) . . . . . . . . . . . . . . . . . . . . . . . .11
§AI.11(iv) (sec:AI.PR.IN) . . . . . . . . . . . . . . . . . . . . . . . . 11

Note: For (AI.11.5)–(AI.11.10), see Albright (1977).
For (AI.11.11)–(AI.11.13), see Albright and Gavathas
(1986).
Eq.AI.11.5 (eq:AI.PR.IN1) . . . . . . . . . . . . . . . . . . . . . . . .11
Eq.AI.11.6 (eq:AI.PR.IN2) . . . . . . . . . . . . . . . . . . . . . . . .11
Eq.AI.11.7 (eq:AI.PR.IN3) . . . . . . . . . . . . . . . . . . . . . . . .11
Eq.AI.11.8 (eq:AI.PR.IN4) . . . . . . . . . . . . . . . . . . . . . . . .11
Eq.AI.11.9 (eq:AI.PR.IN5) . . . . . . . . . . . . . . . . . . . . . . . .11
Eq.AI.11.10 (eq:AI.PR.IN6) . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.11.11 (eq:AI.PR.IN7) . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.11.12 (eq:AI.PR.IN8) . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.11.13 (eq:AI.PR.IN9) . . . . . . . . . . . . . . . . . . . . . . 11
§AI.12 (sec:AI.SC) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
§AI.12(i) (sec:AI.SC.DE) . . . . . . . . . . . . . . . . . . . . . . . . . 11

Note: See Olver (1974, pp. 430–432).
Eq.AI.12.1 (eq:AI.SC.DE) . . . . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.2 (eq:AI.SC.GS) . . . . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.3 (eq:AI.SC.SL) . . . . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.4 (eq:AI.SC.G0) . . . . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.5 (eq:AI.SC.GP0) . . . . . . . . . . . . . . . . . . . . . . . .11
§AI.12(ii) (sec:AI.SC.SL) . . . . . . . . . . . . . . . . . . . . . . . . . 11

Note: Use (AI.12.18)–(AI.12.25) and the asymptotic
expansions of §AI.7.
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Note: See Olver (1974, pp. 430–432).
Eq.AI.12.6 (eq:AI.SC.SL1) . . . . . . . . . . . . . . . . . . . . . . . . 11

Constraint: | ph z| ≤ 1
3
π

Eq.AI.12.7 (eq:AI.SC.SL2) . . . . . . . . . . . . . . . . . . . . . . . . 11
Constraint: | ph(−z)| ≤ 2

3
π

Eq.AI.12.8 (eq:AI.SC.SL3) . . . . . . . . . . . . . . . . . . . . . . . . 11
Constraint: −π ≤ ph z ≤ 1

3
π

Eq.AI.12.9 (eq:AI.SC.SL4) . . . . . . . . . . . . . . . . . . . . . . . . 11
Constraint: − 1

3
π ≤ ph z ≤ π

§AI.12(iii) (sec:AI.SC.CF) . . . . . . . . . . . . . . . . . . . . . . . . 11
Note: See Olver (1974, pp. 431–432).

Eq.AI.12.10 (eq:AI.SC.CGHB) . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.11 (eq:AI.SC.CGH) . . . . . . . . . . . . . . . . . . . . . . 11
Eq.AI.12.12 (eq:AI.SC.CHA) . . . . . . . . . . . . . . . . . . . . . . 11
§AI.12(iv) (sec:AI.SC.MC) . . . . . . . . . . . . . . . . . . . . . . . . 12

Note: Use (AI.12.22) and (AI.12.11).
Eq.AI.12.13 (eq:AI.SC.MG) . . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.14 (eq:AI.SC.MGP) . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.15 (eq:AI.SC.MH) . . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.16 (eq:AI.SC.MHP) . . . . . . . . . . . . . . . . . . . . . . 12
§AI.12(v) (sec:AI.SC.IR) . . . . . . . . . . . . . . . . . . . . . . . . . 12

Note: See Olver (1974, p. 430–431). For (AI.12.23),
see Lee (1980). For (AI.12.24)–(AI.12.25), see Gordon
(1970, Appendix A). For (AI.12.26), see Exton (1983).
Eq.AI.12.17 (eq:AI.SC.IG) . . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.18 (eq:AI.SC.IH) . . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.19 (eq:AI.SC.IGP) . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.20 (eq:AI.SC.IHP) . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.21 (eq:AI.SC.DIG) . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.22 (eq:AI.SC.DIH) . . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.23 (eq:AI.SC.DIG2) . . . . . . . . . . . . . . . . . . . . . 12
Eq.AI.12.24 (eq:AI.SC.IHK) . . . . . . . . . . . . . . . . . . . . . . 12

Constraint: | ph z| < 1
3
π

Eq.AI.12.25 (eq:AI.SC.IGK) . . . . . . . . . . . . . . . . . . . . . . 12
Constraint: x > 0

Eq.AI.12.26 (eq:AI.SC.IHG) . . . . . . . . . . . . . . . . . . . . . . 12
§AI.12(vi) (sec:AI.SC.AS) . . . . . . . . . . . . . . . . . . . . . . . . 12

Note: See Olver (1974, pp. 431–432). For
(AI.12.31)–(AI.12.32), see Rothman (1954b).
Eq.AI.12.27 (eq:AI.SC.XG) . . . . . . . . . . . . . . . . . . . . . . . 12

Constraint: | ph z| < 1
3
π

Eq.AI.12.28 (eq:AI.SC.XGP) . . . . . . . . . . . . . . . . . . . . . . 12
Constraint: | ph z| < 1

3
π

Eq.AI.12.29 (eq:AI.SC.XH) . . . . . . . . . . . . . . . . . . . . . . . 12
Constraint: | ph(−z)| < 2

3
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